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regions 
Robert Piessens and Ann Haegemans (*) 
ABSTRACT 
A numerica!l method  of  construct ing 25-point  and 26-point  cubature formulas with degree 
of exactness 11 is given for two-d imens iona l  regions and weight funct ions which are both  
symmetric in each variable. Some formulas for the square, the circle and the entire plane are 
e v e n .  
1. INTRODUCTION 
We consider cubature formulas over a region R 
N 
f fw(x,y) f (x ,y )dxdy-  ~ w k f(x k,yk) (1) 
R k=l  
which are exact for all polynomials in x and y of 
degree ~ d but not for all polynomials of degree 
d + I. Such formulas are said to have degree d. 
According to Rabinowitz and Richter [1], we say 
that formula (1) is a 'good' formula if it has all of 
its points (Xk, Yk) inside the region R and all its 
coefficients wk positive. We assume that R is a sym- 
metric region (i. e., (x, y) E R implies (+ x, + y) E R) 
and that w(x, y) is symmetric in x and y. In several 
recent publications [1]-[5] cubature formulas which 
have the minimum number of points for their 
degree are computed. Minimum-point-formulas 
are closely connected with the theory of orthogonal 
polynomials [6]. 
This theory, however, is not yet sufficiently develop- 
ed to give practical results in the case of high de- 
grees of exactness (d > 7). For 9 ~< d ~< 15 Rabino- 
witz and Richter [1] have computed perfectly sym- 
metric formulas, by solving a system of nonlinear 
equations. In general, for d = 11, the minimum 
number of points is 25. Up to now only one 25- 
point formula of degree 11 is known, namely, a 
perfectly symmetric formula for the square [1]; it 
has however four points outside the region. For the 
circle and the entire plane with a weight-function 
exp (-x2-y 2) or exp (-x/x 2 +y2) the formulas 
with the least number of points which are known 
by the authors, are 28-point formulas [1], [7], [8], 
which are all perfectly symmetric. In this note, we 
describe a numerical method for the construction 
of 25-point and 26-point formulas for symmetric 
regions. 
According to Stroud [5], the foUowing notations 
are used : 
C 2 denotes the unit square 
S 2 denotes the unit circle 
E;2denotes the entire plane with weight function 
exp (-x 2-  y2) 
E~ denotes the entire plane with weight function 
exp (- x~+y 2) 
2. METHOD OF CONSTRUCTION 
Since the region and the weight function are sym- 
metric, it is reasonable to consider only symmetric 
formulas. 
First we consider the 25-point formula 
4 
f~w(x,y)f(x,y)dx dy = ?=lWk[f(xk,Yk ) +f(-xk,Yk) 
6 
+f(xk'-Yk) + f(-Xk'-Yk)] + ~ wk[f(xk, 0) 
k=5 
8 
+f(-xk,0)]+ ~ wk[f(0, Yk)+f(0,-Yk)] 
k=7 
+ w 9 f (0, 0) (2) 
where x k > 0 and Yk > 0. 
For the computation of the coefficients wk and of 
the points (Xk, Yk) of (2) we have the following set 
of equations 
4 .2~ 2/3 
4 ~ w k,~k Yk =m2~,2/~ k=l  
c~>0,/3>0, o~+~<5 (3.a) 
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4 2a 
4 ~ WkX k 
k=l  
6 2~v 
+2 ~ x k k=5 = m2a, 0 
0<a<5 (3.b) 
4 y~t3 +2 8 y~¢ 
Wk ~ Wk =m0, 2/3 
k=l  k=7 
0<#~5 
4 8 
Wk+2 Z Wk+W 9 k=-i k=5 = m0' 0 
(3.c) 
(3.d) 
Here ~ and 3 are non-negative integers and 
mty,3= f fw(x ,y )  x a /dxdy  
R 
By substituting 
2 2 
#k = Wk Xk Yk 
/~k = x~ 
2 
r/k = Yk 
and 
v ,~ = m2ot, 2B/4 
in the system (3.a), we obtain 
4 o 3 
~. t'k ~k nk = v a, k=l  
,0~a+3~3 
(4) 
This system of nonlinear equations can be solved 
using the following lemma. 
Lemma 
Consider two polynomials, P1 (x, y) and P2 (x, y), 
of the form 
y2 
Pi (x' Y) = x2 + al, i xy + a2, i + a3, i x 
+ a4, i Y + a5, i 
which have the property 
(57 
va+2,3+al , i  vtv+l,~+l +a2, i va,/3+2 
+a3,i  V~+l,/3 +a4, i v~,3+l  
+a5, i ua, 3 = 0 
0<x0t+~<l  
(6) 
Let Pl(x, y) and P2(x, y) have exactly 4 common 
zeros (~k, r/k) , k = 1, 2, 3, 4. Then there are values 
for the #k which can be found by solving a linear 
system of equations uch that (~k, r/k, gk), 
k = 1, 2, 3, 4 is a solution of (4). 
The proof follows from theorem 3.11-1 of [5]. 
The polynomials P1 (x, y) and P2 (x, y) can be found 
by solving the linear system (6) which has 5 un- 
knowns and only 3 equations. Thus, in general, the 
polynomials P1 (x, y) and P2 (x, y) contain two free 
parameters, say X 1 and X 2. Note that the solution 
of (3.a) may be complex. In this case other values 
for the coefficients X 1 and X 2 must be chosen. 
We now consider the first four equations of the set 
(3.b) into which we substitute the computed values 
Xk, Yk, Wk , k = 1, 2, 3, 4. The solution can be 
found in the following way : x 2 and x~ are the 
roots of the quadratic equation 
2 • • o )Z2+ • • • , 0 - m6, 0 m2, (m2, 0m8,0-m4,0m6,0 )z 
, • 2 • • , 
tm6, 0 -m4,0m8, 0) = 0 
while 
w 5= (m~.,O x~ -m~,o)/ [2x2 (x 2 -  x27] 
(77 
(8) 
and 
w 6--(m4, 0 -m2,  0 5 ) (97 
where 
. 4 
mt~,0=mo,0-4  ~ w k x k 
k=l  
The first four equations of the set (3.c) can be solv- 
ed in the same way. 
Finally, w 9 is computed from (3.d). 
All unkowns are now computed but they are func- 
tions of X 1 and X 2. On the other hand, there are 
still two equations which are not yet considered, 
namely, the last equation of (3.b) and the last equa- 
tion of (3.c). Thus, by solving a system of two non- 
linear equations, Jk1 and X 2 can be determined. 
From the numerical point of view, this is the most 
difficult step in the entire procedure. 
After many numerical experiments, we believe that 
for S 2, E~ 2 and E~ there exists no (real) 25-point 
formula of degree 11. We have then adapted the 
method to construct 26-point formulas. 
4 
f fw(x ,y)  f(x,y) clx dy ~ ~ wk[f(xk,Yk) 
R k=l  
+ f(-xk' Yk) + f(xk' -Yk) + f(-xk, -Yk)] 
6 9 
+.  ~ wk[f(x k, 0) + f(-xk,0)] +.  ~ wk[f(0,Yk) 
k--5 k=7 
+ f(0, -Yk)] (10) 
Journal of Computational nd Applied Mathematics, volume I, no 2, 1975. 80 
The systems of equations (3.a) and (3.b) remain un- 
altered and can be solved as described above, but 
(3.c) and (3.d) become 
4 N WkY +2 N w k =toO, 2/3 , 
k= l  k=7 
and 4 9 
4 ~ Wk+2 ~ wk=mO,  0 
k~l  k=5 
0<~<5 (11.a) 
(11.b) 
Equations (l l .a) and ( l l .b)  together form a system 
of 6 equations in the 6 unknowns Yk, Wk, k = 7, 8, 9. 
The method of solution is to begin with the com- 
putation of the y~ as the roots of the cubic poly- 
nomial equation, 
x 3 +b lx  2 +b 2x  +b 3=0,  
the coefficients of which are determined by the re- 
quirements 
m0,2, 6 + b I m0,2~_2 + b 2 m0,2/~_ 4 
+ e 3 m0,2/~_ 6 = 0 
/3=3,4 ,5 ,  
where 
4 6 
* _4  N Wk_2  N Wk m0'0  =m0'0  k=l  k=5 
, 4 ~/~ 
m0,2 /~=m0,2~-4  I~ w ky  
k=l  
Then Wk, k = 7, 8, 9, can be calculated by solving 
a system of linear equations. We still have the free 
parameters X 1 and )t 2 to satisfy the last equation of 
(3.b). 
It is to be noted that, even if x k, Yk, Wk, k=1,2,...6 
are real, the solution of ( l l .a ) - ( l l .b )  inay be com- 
plex. 
For several regions and weight functions we have 
carried out numerical experiments. We summarize 
the most important results in the following section. 
3. NUMERICAL RESULTS 
(i) for C 2 we have found two 25-point formulas 
both of which are perfectly symmetric. The first 
is already given in [1], and has four points out- 
side the unit square. The second has all points 
inside the unit square but has one negative 
coefficient (table 1). It is highly probable that 
no 'good' 25-point formula exists. Although 
there exist infinitely many 26-point formulas, 
not one 'good' formula was found, in table 2, 
we present a 26-point formula where the one 
negative coefficient has a small absolute value. 
(ii) for S 2, E~2and E~ a 25-point formula could not 
be found. There exist infinitely many 'good' 26- 
point formulas (table 3, 4 and 5). 
TABLE 1. 25-point formula of degree 11 for C 2 
L 
k Xk Yk Wk 
0.9622382851 
0.5948448152 
0.8869117230 
0.4303586805 
0.7786110252 
0.1295921386 
0.0 
0.0 
0.0 
O.4303586805 
0.5948448152 
0.8869117230 
0.9622382851 
0.0 
0.0 
0.7786110252 
0.1295921386 
0.0 
0.8098353406 x 10 -1 
0.2642297947 
0.8121708718 x 10 -1 
0.8098353406 x 10 -1 
0.2407529101 
0.1547405747 x 10 
0.2407529101 
0.1547405747 x 10 
0.5182290428 x 10 
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TABLE 2. 26-point formula of degree 11 for C 2 
k 
1 
2 
3 
4 
5 
6 
7 
8 
9 
Xk Yk Wk 
0.7979894169 
0.4147496674 
0.9627287366 
0.7411753059 
0.9706872185 
0.4741389284 
0.0 
0.0 
0.0 
O.4424217259 
0.7472626425 
0.8049178125 
0.9610814604 
0.0 
0.0 
0.3922975345 
0.9468169607 
0.7556248386 
0.2096777549 
0.2354791816 
0.5239746178 x 10 -1 
0.6088301393 x 10 -1 
0.8061339098 x 10 -1 
0.3497966130 
0.3670664181 
0.1101027008 
0.2445394721 x 10 -1 
TABLE 3. 26-point formula of degree 11 for S 2 
k 
1 
2 
3 
4 
5 
6 
7 
8 
9 
Xk Yk Wk 
O.77O0399234 
0.4332553445 
0.8042027006 
0.4487567036 
0.9774742944 
0.4222292895 
0.0 
0.0 
0.0 
0.2077544664 
0.4967812243 
0.5047957527 
0.8138343334 
0.0 
0.0 
0.2757676283 
0.7248280903 
0.9564095370 
0.1124135813 
0.1741604140 
0.6356382332 x 10 -1 
0.8475275483 x 10 -1 
0.4192925977 x 10 -1 
0.2108288631 
0.2337746724 
0.1582130408 
0.5626934370 x 10 -1 
r 2 
TABLE 4. 26-point formula of degree 11 for E 2 
k x k 
1 0.9082748165 
2 1.7727573132 
3 2.1406710687 
4 1.1001338038 
5 0.8345180704 
6 3.0501769769 
7 0.0 
8 0.0 
9 0.0 
Yk 
1.0232614667 
0.4790826187 
1.4477051833 
2.0947468014 
0.0 
0.0 
2.6866826051 
1.5508269493 
0.5171078384 
w k 
0.1480901972 
0.3290208454 
0.1862310626 
0.5048723620 
0.4343701576 
0.2651091350 
0.1123924398 
0.9212396030 
0.6671065433 
x 10 -1 
x 10 -2 
x 10 -2 
x 10 -3 
x 10 -2 
x 10 -1 
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TABLE 5. 26-point formula of  degree 11 for E~ 
- -k  Xk 
1 3.2912679963 
2 6.4743374590 
3 10.3470929709 
4 5.4889837077 
5 13.2674344159 
6 2.3345522613 
7 0.0 
8 0.0 
9 0.0 
Yk 
3.9301965078 
1.8161412287 
6.3505020991 
9.8725727118 
0.0 
0.0 
1.4609039762 
5.9839446601 
12.6164550338 
w k 
0.1053922100 
0.2221525958 x 10 -1 
0.2678774822 x 10 -3 
0.5786895800 x 10 -3 
0.1036152336 x 10 -3 
0.9483440843 
0.1884726552 x 10 
0.5133989552 x 10 -1 
0.1704329684 x 10 -3 
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